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Abstract—Spectrum sharing between cellular and ad-hoc
networks is studied in this work. Weak signals and strong inter-
ferences at the cell-edge area usually cause severe performance
degradation. To improve the cell-edge users’ performance quality
while keeping high spectrum efficiency, in this paper, we propose a
cooperative spectrum sharing scheme. In the proposed scheme, the
ad-hoc users can actively employ cooperative diversity techniques
to improve the cellular network downlink throughput. As a re-
ward, a fraction of the cellular network spectrum is released to the
ad-hoc network for its own data transmission. To determine the
optimal spectrum allocation, we maximize the ad-hoc transmission
capacity subject to the constraints on the outage probability of
the ad-hoc network and on the throughput improvement ratio of
the cellular network. Both the transmission capacity of the ad-hoc
network and the average throughput of the cellular network are
analyzed using the stochastic geometry theory. Numerical and
simulation results are provided to validate our analytical results.
They demonstrate that our proposed scheme can effectively facili-
tate ad-hoc transmissions while moderately improving the cellular
network performance.

Index Terms—Cognitive radio, cooperative diversity, spectrum
sharing, stochastic geometry, transmission capacity.

I. INTRODUCTION

COGNITIVE spectrum sharing was recently studied to
accommodate growing demands for wireless broadband

access, which can alleviate the problem of under-utilization
of licensed spectrum. Spectrum sharing techniques can be
generally classified into three categories: interweave, underlay,
and overlay [1]. For the interweave spectrum sharing, the
secondary system can opportunistically access spectrum holes.
For the spectrum underlay, secondary users (SUs) transmit
simultaneously with primary users (PUs) under the constraint
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that interference caused by the SUs on the PUs must be below
a certain threshold. For the spectrum overlay, SUs actively help
primary data transmission in exchange for a spectrum access
in time domain [2], spatial domain [3], or frequency domain
[4]. The locations of SUs are usually fixed or restricted into
a small area without suffering interference from other concur-
rent transmissions. It is nontrivial to extend the cooperative
spectrum sharing to the secondary ad-hoc networks, as the
topology changes frequently and the interference suffers from
uncertainties caused by both random user locations and channel
fadings.

Transmission capacity has been used as a major performance
metric to study ad-hoc networks and it represents the area
spectral efficiency constrained by the outage probability [5].
Through modeling users’ locations as homogeneous Poisson
Point Process (PPP) in the overlaid spectrum sharing system,
Huang et al. studied the transmission capacity tradeoff be-
tween primary system and secondary system [6]. Lee et al.
developed a comprehensive framework with multiple systems
and studied the transmission capacity under the constraints of
both outage probability and fair coexistence [7]. Yin et al.
studied the impacts of mutual interference between primary
and secondary systems and found that a slight degradation
of the primary outage probability can lead to a significant
increase of the total transmission capacity [8]. The underlay
spectrum sharing was studied in [9] by applying an exclusive
region [10] around the single primary link such that the SU
transmission was prohibited in the region. For the cognitive
radio network with multiple primary links, the active SUs form
the Poisson hole process due to the exclusive regions, and the
approximate outage probability was derived in [11]. For the
interweave spectrum sharing, the impacts of spectrum sensing
to the primary transmission were revealed by analyzing the
characteristics of the aggregate interference in [12]–[14]. The
stochastic geometry models of three types of cognitive radio
networks were proposed in [15], where the single primary link,
multicast primary system, and primary ad-hoc network were
studied coexisting with a secondary ad-hoc network operating
with the carrier sense multiple access (CSMA) protocol.

Cooperative communications can significantly enhance the
performance of wireless systems by exploiting the spatial di-
versity [16]. Most of the literatures about cooperation focus on
a fixed network topology [17], [18], where the users’ locations
are unchanged. Recently, Wang et al. studied the decode-and-
forward (DF) cooperation with best relay selection, where the
relays are randomly distributed on a plane following PPP. A
spatial quality of service (QoS) region around the source and
destination link was applied in [19] to reduce the overhead
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and latency in the best relay selection. To further reduce the
excessive overhead in the coordination phase, the uncoordi-
nated cooperation protocols were proposed assuming the PPP
distribution of relay nodes [20], [21]. In terms of transmis-
sion capacity, the DF based incremental relaying or selection
cooperation [22] significantly outperforms the non-cooperative
system, as shown in [23] and [24]. Ganti et al. studied the
two-hop communication with relay selection to mitigate the
dead-zone in the cell-edge area of the cellular network [25]. In
their work, the success probability of the two-hop system was
analyzed with the base stations (BSs) placed on a regular grid,
which is too ideal to model practical heterogeneous networks
[26]. To capture the increasingly random and dense placement
of BSs in future networks [27], it is more practical to model
the BSs as a random spatial point process. Compared with the
cellular network uplink [6], the downlink bandwidth is much
broader and its data traffic is much heavier, so the spectrum
efficiency can be further improved by sharing the downlink
spectrum as focused on in our work.

In this paper, we focus on modeling and analyzing the
cooperative spectrum sharing between cellular networks and
ad-hoc networks. The cellular network is the primary system
that owns the licensed spectrum, while the ad-hoc network is
the secondary system. The same spectrum is reused among
different cells and the interference exists over the primary data
transmission. In the cellular network, the cell-edge communi-
cation is a bottleneck to guarantee the overall QoS requirement,
because the desired signal is relatively weak compared with
the interference [27]. To improve the quality of cell-edge com-
munication, we apply a cooperation region between each BS
and its cell-edge mobile user (MU). The SU in the cooperation
region that can correctly decode the primary data and has
the best channel state towards the cell-edge MU is selected
for the data retransmission in case the original transmission
fails. As a reward of the cooperation, a fraction of spectrum is
released to the secondary system and the remaining bandwidth
is kept by the primary system. Using the stochastic geometry
theory, we analyze the transmission capacity of ad-hoc network
and the average throughput of cellular network downlink. The
optimal bandwidth allocation is obtained through maximizing
the secondary transmission capacity subject to the constraints of
secondary outage probability and primary throughput improve-
ment ratio. Numerical and simulation results are provided to
show the impacts of system parameters and verify the efficiency
of our proposed scheme.

The rest of this paper is organized as follows. In Section II,
the system model is introduced. Section III formulates the
optimization problem and obtains the secondary transmission
capacity. Section IV derives the average throughput of primary
downlink based on the analysis of success probabilities. The
optimal SU density and bandwidth allocation are calculated in
Section V. Numerical and simulation results are presented in
Section VI. Section VII concludes this paper.

II. SYSTEM MODEL

Consider cellular networks coexist with ad hoc networks
sharing the same spectrum, as shown in Fig. 1. The spectrum

Fig. 1. The overlaid wireless network with PPP modeling for both systems.
Each mobile user (MU) is associated with its nearest base station (BS), so the
Voronoi cell is formed in the cellular network. The circular area around each BS
represents the cell-interior area, with radius c0. In each Voronoi cell, the outside
of the circular area represents the cell-edge area. The potential secondary users
(SUs) in each cell can actively help the cell-edge downlink communications in
exchange for a fraction of disjoint spectrum band. Each SU has a fixed receiver
departed d meters away, and they are paired together by the ellipse. The Aloha-
type protocol is implemented in the ad-hoc network to activate the SUs to access
the released disjoint spectrum band.

belongs to the cellular network and it is reused by different
cells. The locations of BSs and MUs are modeled as two
independent homogenous PPPs Πb = {xi, i ∈ Z} and Πm =
{yi, i ∈ Z} with intensities λb and λm, respectively. Each MU
is served by its nearest BS. As plotted in Fig. 1, the cellular
network forms a Poisson Tessellation of the plane and each cell
is known as a Voronoi cell [6]. Each BS communicates with
one randomly selected MU in its cell via a downlink. The ad-
hoc network is overlaid with the cellular network and it forms
the secondary system. The locations of SUs follow another PPP
with intensity λs, i.e., Πs = {zi, i ∈ Z}. Each SU has a receiver
departed d meters away. This assumption may be easily relaxed
but at the cost of complicating the derived expressions without
providing additional insight [5], as picking the distance d from
a random distribution only reduces the transmission capacity
by a constant factor [28]. The Aloha-type protocol is adopted
in the ad-hoc network to control the channel access of SUs.
Whether a SU could access the channel or not is determined
by the media access probability (MAP) ξ ∈ (0, 1). The channel
between any pair of terminals u1 and u2 undergoes small-scale
block fading and large-scale path-loss. The channel power gain
Gu1,u2

is exponentially distributed with unit mean, and it is
independent across links. The path-loss is �−α

u1,u2
, where �u1,u2

is the distance and α is the path-loss exponent. The symbol u2

in the subscript is omitted for brevity if u2 lies at the origin. The
interference-limited environment is considered and the effect of
noise is neglected.
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Fig. 2. Bandwidth division between primary and secondary systems. The
fraction β is released to the secondary system, while the remaining 1− β
fraction is kept by the primary system for the direct or cooperative data
transmission.

A. Spectrum Sharing Model

We consider the overlay spectrum sharing, where a fraction
of spectrum is released to the ad-hoc network in exchange for
its cooperation for the cell-edge communication [4]. Without
loss of generality, the total bandwidth is set as one and the
spectrum released to the secondary system is β ∈ (0, 1), while
the remaining 1− β fraction of spectrum is reserved by the
primary system, as shown in Fig. 2. The primary system and
secondary system do not interfere with each other as they use
disjoint frequency bands.

If the randomly selected MU lies at the cell-interior of its
serving BS, the direct transmission is performed, because the
channel is usually good and the interference is relatively weak.
The bandwidth release may be tolerated by the primary down-
link. The interior area is defined as a circular area centered at
the BS with radius c0. However, if the MU lies at the cell-edge
of its serving BS, cooperative communications are employed.
With the cooperation from SUs, the throughput of primary data
transmission can be enhanced to combat the strong interference.
Moreover, the benefits of cooperation can be exploited to com-
bat the negative effect of spectrum release. The more spectrum
is released, the higher capacity is achieved for the secondary
system. However, less capacity is retained for the primary
system due to the remaining narrower bandwidth. Therefore,
the bandwidth allocation should be judiciously determined to
maximize the secondary capacity without violating the primary
performance requirement in the cooperative spectrum sharing.

B. Cooperation Model

The truncated automatic repeat request (ARQ) scheme with
one-time retransmission is adopted for the communication be-
tween BS and its cell-interior MU. If the original transmission
is successful, the acknowledgement (ACK) frame is fed back
and the BS continues to transmit a new data packet. Otherwise,
the negative acknowledgement (NACK) frame is released and
the BS retransmits the same data packet. The received signals
in both the original and the retransmission phases are max-
imal ratio combined (MRC) by the cell-interior MU for the
detection.

The existing cooperative truncated ARQ scheme based on
DF protocol [29], which is also known as the DF based incre-
mental relaying [22], is adopted to assist the data transmission
between the BS and its cell-edge MU. As shown in Fig. 3,
a cooperation region is applied between the BS and its cell-
edge MU, which can be designated by the BS through a hand-
shake process or determined automatically by each SU using
its estimated location obtained from the localization technique

Fig. 3. The cooperation model for the cell-edge MU. The corresponding
receiver for each SU is not plotted in this figure.

[30]. The distance between BS and the center of cooperation re-
gion is denoted as rv = ζr0 with 0 < ζ < 1, while the distance
between the center of cooperation region and the cell-edge MU
is r̃v = (1− ζ)r0. The SUs in the cooperation region will help
the primary data transmission. In the original phase, the BS
broadcasts its data to the intended cell-edge MU and all the SUs
in the cooperation region. The SUs that can correctly decode
the original primary data are called decoding SUs. Three cases
will occur according to whether the MU and the SUs correctly
receive the primary data or not.

• Case I: The cell-edge MU correctly receives the data
packet, and the ACK frame is broadcast. The SUs in the
cooperation region refresh their memories and the BS
continues to transmit a new data packet.

• Case II: The cell-edge MU erroneously receives the pri-
mary data and a NACK frame is fed back. There are no
SUs or no decoding SUs in the cooperation region. In this
case, the BS retransmits its original data and all the SUs in
the cooperation region keep silent.

• Case III: The cell-edge MU erroneously receives the pri-
mary data and a NACK frame is released. There exists
at least one decoding SU in the cooperation region and
the one with best channel state towards the cell-edge MU
retransmits. The best decoding SU can be selected in a
distributed way using the time back-off [17] or signaling
burst scheme [31]. When the selected SU performs the
retransmission, the BS together with all the other SUs in
the cooperation region will keep silent.

We assume that the control frame sent by the MU can be
reliably received by both the BS and the relaying SUs. The
channel coefficient is assumed to be available for each receiver
to coherently detect signals. Each decoding SU can estimate
its channel state towards the cell-edge MU through measuring
the NACK frame. When the original cell-edge transmission
fails, only one decoding SU or the BS is activated for the
signal retransmission. Through using the control frame and the
distributed coordination scheme [17], [31], we can determine
which case will occur and whether a SU is involved in the
retransmission. The retransmission is performed by the SU
only in Case III, where the decoding SU with the best channel
quality towards the cell-edge MU is activated to forward the
BS signal. The original and retransmitted signals are maximal
ratio combined by the cell-edge MU in the time domain for the
coherent detection.
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III. TRANSMISSION CAPACITY OF SECONDARY SYSTEM

We aim to maximize the transmission capacity [5] of sec-
ondary system while satisfying the primary performance re-
quirement. The optimization problem is formulated as

max
λs>0,0<β<1

Cε
s = ξλs(1− ε)T1 (1)

s.t. P s
out(λs, β) ≤ ε (2)

Vc(λs, β)− Vd

Vd
≥ ρ (3)

where Cε
s is the transmission capacity of secondary system. The

transmission rate of each secondary link is assumed to be the
same and it is denoted as T1. The outage probability P s

out(λs, β)
of each secondary link should be no larger than the target
outage probability ε. The average throughput of primary system
with and without cooperative spectrum sharing is denoted as
Vc(λs, β) and Vd, respectively. The parameter ρ ≥ 0 represents
the required throughput improvement ratio of the primary
downlink introduced by the cooperative spectrum sharing. The
optimal SU density λs and the optimal bandwidth allocation
factor β are investigated for the optimization problem.

Since SUs transmit according to an Aloha-type protocol [31],
the simultaneous transmitting SUs form a homogeneous PPP
Π̃s with density ξλs, which is obtained through an independent
thinning of Πs. Without loss of generality, we consider and eval-
uate the performance of a typical secondary receiver located at
the origin. According to Slivnyak’s theorem [32], this artificial
placement does not affect the distribution of other users. The
achievable rate of secondary data transmission is given as

Rs = β log2

(
1 +

Gz0d
−α

Is

)
(4)

where Gz0 is the small-scale power fading. The pre-factor β is
applied in (4) due to the division of bandwidth for the spectrum
sharing. The interference term in (4) is expressed as

Is =
∑

z∈Π̃s/{z0}

Gz�
−α
z (5)

where all the active SUs except the typical one contribute to the
aggregate interference. The outage probability of this typical
secondary link is derived as [33],

P s
out(λs, β) =P{Rs < T1} = P{Gz0 < τ1d

αIs}

=1− exp

[
−ξλsπτ

2
α
1 d2

2π/α

sin(2π/α)

]
(6)

where τ1 = 2T1/β − 1 with T1 denoting the target rate of
secondary system.

Remarks: (1) The increase of β leads to the decrease of τ1.
With the decrease of τ1, the outage probability gets smaller.
Therefore, the higher bandwidth allocation is beneficial to
support the secondary transmission and hence reduce the outage
probability. However, the primary performance gets worse with

the increase of β, as less bandwidth is left for the primary data
transmission. (2) The outage performance gets worse with the
increase of SU density λs, because the more concurrent sec-
ondary transmissions, the stronger the interference and hence
the worse the performance.

IV. AVERAGE THROUGHPUT OF PRIMARY SYSTEM

In this section, we first introduce the distribution of the ran-
dom distance between a BS and its intended MU. The aggregate
interference encountered at the typical MU is approximated.
Then, we analyze the success probabilities for the cell-interior
and cell-edge communications. Finally, the average throughput
of the cellular network downlink is derived.

A. Distance Distribution and Interference Model

One typical MU is located at the origin and the typical MU
is served by its nearest BS located at x0. Their distance is
denoted as r0, which is a realization of the random variable
R (the random distance between a BS and its intended MU in
the serving area). The complementary cumulative distribution
function (CCDF) is given as [26]

Pr{R > r0} = Pr{No BS closer than r0}
= exp

(
−λbπr

2
0

)
. (7)

Then, the cumulative distribution function (CDF) is obtained as
FR(r0) = 1− exp(−λbπr

2
0), so the probability density func-

tion (PDF) is obtained as

fR(r0) =
dFR(r0)

dr0
= 2πλbr0 exp

(
−λbπr

2
0

)
. (8)

For each BS x ∈ Πb, a mark rx is applied to represent the
distance of its intended MU. The intended MU is a cell-interior
user with rx ≤ c0, otherwise, it is a cell-edge user.

The interference at the typical MU is approximated as

Ip ≈
∑

x∈Πb\{x0}
PxGx�

−α
x (9)

where Px = 1(rx ≤ c0) + η1(rx > c0). The indicator random
variable 1(A) equals 1 if condition A is satisfied, otherwise
it equals 0. The indicator random variable denotes whether
the interfering BS communicates with a cell-interior MU with
normalized unit power or communicates with a cell-edge MU
with normalized power η ≥ 1. The approximation is given
because the position of the cooperative SU is not the same
as its serving BS when it performs the retransmission towards
the cell-edge MU. The location of the relaying SU in the cell
of x ∈ Πb (the intended MU of x is at cell-edge) is denoted
as xz = x+ f(x), where f(x) is the relative location of the
selected SU from its serving BS x. Since almost surely we
have |f(x)| < ∞, to simplify the analysis of aggregate inter-
ference without degrading the accuracy, the distance between
the selected SU and the typical MU can be approximated as the
distance between its serving BS and the typical MU [25].
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B. Success Probability of Cell-Interior Communication

Conditioned on the distance between BS x0 and its typical
cell-interior MU being r0, the achievable rate of primary data
transmission is expressed as

Rin1(r0) = (1− β) log2

(
1 +

Gx0
r−α
0

Ip

)
(10)

where (1− β) is the fraction of bandwidth kept by the primary
system. Let T0 denote the primary target rate, the success
probability of original data transmission is obtained as

Pin1(τ0, r0) =P {Rin1(r0) ≥ T0} = P {Gx0
≥ τ0r

α
0 Ip}

=E [exp (−τ0r
α
0 Ip)] = LIp(τ0r

α
0 ) (11)

where τ0 = 2T0/1−β − 1 and LIp(·) represents the Laplace
transform of the interference Ip. The exponential distribution
of Gx0

is considered to obtain the expectation term in (11),
which is taken over all possible locations and channel fadings
of interferers in other cells. Here, both the spatial average and
the time average over the interference are performed to obtain
the average success probability. The locations of MUs are
coupled by the locations of their serving BSs upon the Poisson
Tessellation over the 2-D plane. Therefore, the communication
distances and transmit powers of BSs towards their intended
MUs in different cells are dependent. However, the dependence
in different cells is weak as validated in [34]. For different cells,
the distances between BSs and their intended MUs are assumed
to be independent. The Laplace transform of Ip can thus be
derived as

LIp(s) = E

⎡
⎣exp

⎛
⎝−s

∑
x∈Πb\{x0}

PxGx�
−α
x

⎞
⎠
⎤
⎦

(a)
= EΠb

⎧⎨
⎩ ∏

x∈Πb\{x0}
EP,G

[
exp

(
−sPG�−α

x

)]⎫⎬⎭
(b)
= exp

⎧⎨
⎩−2πλbEP,G

⎡
⎣ ∞∫
r0

[
1− exp(−sP�−αG)

]
� d�

⎤
⎦
⎫⎬
⎭

(c)
= exp

⎧⎨
⎩−2πλbd1EG

⎡
⎣ ∞∫
r0

[
1− exp(−s�−αG)

]
� d�

⎤
⎦
⎫⎬
⎭

×exp

⎧⎨
⎩−2πλbd2EG

⎡
⎣ ∞∫
r0

[
1−exp(−sη�−αG)

]
� d�

⎤
⎦
⎫⎬
⎭ ,

(12)

where d1 = 1− exp(−λbπc
2
0) and d2 = exp(−λbπc

2
0).

Equality (a) is obtained due to the independence of channel
fading and transmit power for each BS. Equality (b) is
obtained according to the probability generating functional
(PGFL) of PPP [33] and the integral is taken over (r0,∞) as the
interfering BSs are at least r0 away from the typical MU. Taking
the expectation of independent discrete random variable P ,

we obtain equality (c). By substituting s = τ0r
α
0 into (12) and

calculating the integral over distance �, we have

Pin1(τ0, r0) = exp
[
−ω(τ0)r

2
0

]
(13)

where

ω(t) = πλb

{
− 1 +

d1
t+ 1

+
d2

ηt+ 1
+ Γ(1− 2/α)

×
∞∑

n=0

Γ(n+ 2) tn+1

Γ(n+ 2− 2/α)

[
d1

(t+ 1)n+2
+

d2η
n+1

(ηt+ 1)n+2

]}
.

(14)

The Gamma function is Γ(a) =
∫∞
0 ta−1e−tdt and Γ(n) =

(n− 1)! with n = 1, 2, . . . [35].
If the original transmission fails, the retransmission is per-

formed by BS with achievable rate

Rin2(r0) =
1− β

2
log2

(
1 +

2Gx0
r−α
0

Ip

)
(15)

where the pre-factor 1/2 is applied due to the retransmission
and the double SIR is used due to the MRC detection. The
conditional success probability of this case is derived as

Pin2(τ0, r0)=P {Rin1(r0) < T0, Rin2(r0) ≥ T0/2}
= exp

[
−ω(τ0/2)r

2
0

]
− exp

[
−ω(τ0)r

2
0

]
(16)

where ω(·) is given by (14).

C. Success Probability of Cell-Edge Communication

The communication between a BS and its cell-edge MU
includes three cases: Case I, the MU correctly receives the
primary data in the original phase; Case II, the original data
transmission fails, there are no decoding SUs in the cooperation
region, and the BS retransmits; Case III, the original data
transmission fails, and a decoding SU is successfully selected
to retransmit. Then, we analyze the three cases separately.

1) For Case I: Conditioned on the distance between BS x0

and its typical cell-edge MU being r0, the achievable rate of
primary data transmission is expressed as

Red(r0) = (1− β) log2

(
1 +

ηGx0
r−α
0

Ip

)
. (17)

Similar to (13), the conditional success probability of original
data transmission is derived as

Ped1(τ0, r0)=P{Red(r0)≥T0}=exp
[
−ω(τ0/η)r

2
0

]
(18)

where ω(·) is given in (14).
2) For Case II: The conditional success probability is

Ped2(τ0, r0) =

∞∑
n=0

Pr {N = n}

×P {τ0/2 ≤ γx0
< τ0,max{γx0,zi} < τ0} , (19)
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where the Poisson random variable N represents the number of
SUs in the cooperation region. The probability is given as

Pr{N = n} =

(
λsπc

2
1

)n
n!

exp
(
−λsπc

2
1

)
. (20)

The SIRs encountered at the typical MU and the ith SU in the
cooperation region are given as

γx0
=

ηGx0
r−α
0

Ip
and γx0,zi =

ηGx0,zir
−α
v

Ipi

(21)

where the distance between a BS and its cooperating SUs is set
the same as rv = ζr0 (0 < ζ < 1). The interference at the ith
SU is denoted as Ipi

. When N = 0, the success probability of
(19) is reduced as P̃ed2(τ0, r0) = P{τ0/2 ≤ γx0

< τ0} and it is
derived as follows similarly to (16),

P̃ed2(τ0, r0) = exp
[
−ω (τ0/(2η)) r

2
0

]
− exp

[
−ω (τ0/η) r

2
0

]
(22)

where ω(·) is given by (14).
When the original transmission fails, the success probability

of BS doing the retransmission is obtained as (please see
Appendix I for the derivation)

Ped2(τ0, r0) = exp
(
−λsπc

2
1

)
P̃ed2(τ0, r0)

+

∞∑
n=1

(
λsπc

2
1

)n
n!

exp
(
−λsπc

2
1

)
f1(τ0, r0, n), (23)

where

f1(τ0, r0, n) =
n∑

k=0

(−1)k
(
n

k

)
{exp [−g (τ0, r

α
0 /2, k)]

− exp [−g (τ0, r
α
0 , k)]} , (24)

with

g(τ0, s, k) = 2πλb

∞∫
r0

⎡
⎢⎣1− d1(

1 + τ0s
η �−α

)(
1 + τ0rαv

η �−α
)k

− d2

(1 + τ0s�−α) (1 + τ0rαv �
−α)k

]
� d�. (25)

Since only one-dimensional integral is included in (25), it can
be calculated efficiently.

3) For Case III: In this case, the original data transmission
between BS and its intended cell-edge MU fails, but at least
one SU in the cooperation region correctly receives the data.
Each decoding SU can estimate its channel state towards the
cell-edge MU through measuring the strength of NACK frame.
According to the channel quality, each SU can initiate a back-
off timer [17] or transmit a burst sequence [31] to compete for
the channel access. The decoding SU with the best channel state

towards the cell-edge MU can be selected to retransmit. The
conditional success probability is given as

Ped3(τ0, r0) =

∞∑
n=1

Pr {N = n}

×
n∑

k=1

P

{
γx0

< τ0, |Φx0
| = k, γx0

+ max
i∈Φx0

{γzi} ≥ τ0

}
,

(26)

where γx0
is the SIR between BS x0 and its cell-edge MU as

given in (21). The probability of there being n �= 0 SUs in the
cooperation region is Pr{N = n} given by (20). The inequality
γx0

< τ0 represents that the original transmission between BS
and its cell-edge MU fails. The term |Φx0

| = k represents
that the cardinality of the decoding set is k, where Φx0

is
the decoding set of SUs in the cooperation region. The term
γx0

+maxi∈Φx0
{γzi} ≥ τ0 represents that the MRC detection

is successful at the cell-edge MU, when the retransmission is
performed by the best decoding SU. The SIR between a decod-
ing SU zi, i ∈ Φx0

and the typical MU is γzi = (ηGzi r̃
−α
v /Ip)

with r̃v = r0 − rv = (1− ζ)r0 denoting the distance between
the cooperation region center and the cell-edge MU. Since the
relaying SUs lie in the cooperation region with small radius,
the distance between each decoding SU and the cell-edge MU
is set the same as r̃v . As derived in Appendix II, the conditional
success probability is given by

Ped3(τ0, r0) =

∞∑
n=1

(
λsπc

2
1

)n
n!

exp
(
−λsπc

2
1

)
f2(τ0, r0, n)

(27)

where

f2(τ0, r0, n) =

n∑
k=1

(
n

k

) n−k∑
m=0

(
n− k

m

)
(−1)m

×
{
exp [−g(τ0, 0,m+ k)]

−
[

k∑
t=0

(
k

t

)
(−1)trα0
tr̃αv − rα0

+ 1

]

× exp [−g (τ0, r
α
0 ,m+ k)]

+
k∑

t=0

(
k

t

)
(−1)trα0
tr̃αv − rα0

× exp [−g (τ0, tr̃
α
v ,m+ k)]

}
(28)

with the function g(·, ·, ·) given by (25).

D. Average Throughput of Primary System

If there is no spectrum sharing, the traditional truncated ARQ
scheme with one-time retransmission is applied in the stand-
alone cellular network. By averaging over the random variable
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R, we can obtain the average throughput of cellular network
downlink as

Vd =

c0∫
0

T0 [Pin1(τ̂0, r0) + (1/2)Pin2(τ̂0, r0)] fR(r0) dr0

︸ ︷︷ ︸
Vdin(τ̂0)

+

∞∫
c0

T0

[
Ped1(τ̂0, r0)+(1/2)P̃ed2(τ̂0, r0)

]
fR(r0)dr0

︸ ︷︷ ︸
Vded(τ̂0)

, (29)

where τ̂0 = 2T0 − 1. The conditional success probabilities of
original data transmission and retransmission for the cell-
interior MU and cell-edge MU are given as Pin1(τ̂0, r0),
Pin2(τ̂0, r0), Ped1(τ̂0, r0), and P̃ed2(τ̂0, r0), which can be ob-
tained by replacing τ0 in (13), (16), (18), and (22) with τ̂0,
respectively. By substituting the related expressions into (29),
the average throughput of cell-interior communication is

Vdin(τ̂0) =
T0λbπ

2 [λbπ + ω(τ̂0)]

{
1− exp

[
− (λbπ + ω(τ̂0)) c

2
0

]}
+

T0λbπ

2 [λbπ + ω(τ̂0/2)]

{
1− exp

[
− (λbπ + ω(τ̂0/2)) c

2
0

]}
.

(30)

Similarly, the average throughput of cell-edge link is given as

Vded(τ̂0)=
T0λbπ

2 [λbπ+ω(τ̂0/η)]
exp

{
− [λbπ+ω(τ̂0/η)] c

2
0

}

+
T0λbπ

2 [λbπ + ω (τ̂0/(2η))]
exp

{
− [λbπ + ω (τ̂0/(2η))] c

2
0

}
.

(31)

The average throughput of primary system with cooperative
spectrum sharing is obtained as Vc(λs, β) in (32), shown at the
bottom of the page. In (32), Vcin(τ0) = Vdin(τ0) is obtained by
replacing τ̂0 with τ0 in (30). The other integral in (32) is derived
in (33), shown at the bottom of the page, where f1(τ0, r0, n)
and f2(τ0, r0, n) are given by (24) and (28), respectively.
The closed form expression of the integral in (33) is not
available, but it can be numerically calculated. Without losing
accuracy, the last term of (33) can be calculated with limited
number of n.

V. SOLUTION TO THE OPTIMIZATION PROBLEM

In this section, we will find the optimal λs and β that can
maximize the secondary transmission capacity (1) while satis-
fying the constraints (2) and (3). The transmission capacity of
secondary system is a monotonically increasing function of the
SU density λs. Therefore, the higher the SU density, the higher
the transmission capacity. However, the outage performance of
secondary system gets worse with higher SU density as more
interference is introduced. The maximum SU density that can
satisfy the outage constraint (2) is obtained via P s

out(λs, β) = ε.
Then, we can obtain one critical point of the SU density as

λs1(β) = − ln(1− ε)

ξπd2τ
2/α
1

sin(2π/α)

2π/α
. (34)

This critical density is a function of the bandwidth allocation
factor β included in τ1 = 2T1/β − 1. We can see that λs1(β)
is a monotonically increasing function of the bandwidth al-
location factor β. The more bandwidth allocated to the sec-
ondary system, the more concurrent secondary links can be
allowed without violating the outage probability constraint in
the optimization problem. We note that the outage constraint is
guaranteed only when λs ≤ λs1(β).

Vc(λs, β) =

c0∫
0

T0 [Pin1(τ0, r0) + (1/2)Pin2(τ0, r0)] fR(r0) dr0

︸ ︷︷ ︸
Vcin(τ0)

+

∞∫
c0

T0 [Ped1(τ0, r0) + (1/2)Ped2(τ0, r0) + (1/2)Ped3(τ0, r0)] fR(r0) dr0

︸ ︷︷ ︸
Vced(τ0)

. (32)

Vced(τ0) =
T0λbπ

[
2− exp

(
−λsπc

2
1

)]
2 [λbπ + ω(τ0/η)]

exp
{
− [λbπ + ω(τ0/η)] c

2
0

}
+

T0λbπ exp
(
−λsπc

2
1

)
2 [λbπ + ω (τ0/(2η))]

exp
{
− [λbπ + ω (τ0/(2η))] c

2
0

}

+
T0λbπ

exp (λsπc21)

∞∑
n=1

(
λsπc

2
1

)n
n!

∞∫
c0

r0 [f1(τ0, r0, n) + f2(τ0, r0, n)] exp
(
−λbπr

2
0

)
dr0 (33)
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The higher the SU density, the more SUs lying in the
cooperation region and the higher the average throughput of
primary downlink. Through setting Vc(λs, β) = (1 + ρ)Vd in
the constraint (3), we can find another critical point λs2(β),
which is also a function of β. For a given β, the throughput
improvement requirement of primary system can be satisfied
only when λs ≥ λs2(β).

Therefore, for a given β ∈ (0, 1), both constraints (2) and
(3) can be satisfied with λs2(β) ≤ λs ≤ λs1(β). To maximize
the transmission capacity of secondary system, we need to
search for the values of β and its corresponding λs1(β) and
λs2(β). A given β belongs to the potential allocation set S
if we have λs2(β) ≤ λs1(β), i.e., S = {β ∈ (0, 1) : λs2(β) ≤
λs1(β)}. The optimal bandwidth allocation factor is denoted as
β∗ and obtained as β∗ = argmaxβ∈S λs1(β). The optimal SU
density is obtained as λs1(β

∗) and the transmission capacity of
secondary system can thus be derived as Cε

s = ξλs1(β
∗)(1−

ε)T1. Using this solution, the throughput of primary system
can be improved by at least the ratio ρ. However, if S = ∅, the
two constraints of the optimization problem cannot be satisfied
simultaneously and the cellular network will utilize the whole
spectrum band for its own data transmission without secondary
access.

To numerically search the optimal bandwidth allocation
factor and the maximum SU density, we use the following
approach. For each value of β ∈ (0, 1), we calculate λs1(β)
according to (34) and ρ̂ = [Vc(λs1(β), β)− Vd]/Vd. If ρ̂ < ρ
occurs, λs2(β) is larger than λs1(β), so this bandwidth alloca-
tion factor is not a potential point, i.e., β �∈ S . If ρ̂ ≥ ρ occurs,
λs2(β) is no larger than λs1(β), so this bandwidth allocation
factor is potential, i.e., β ∈ S . Over the whole potential allo-
cation set S , we can find the one that brings the largest SU
density.

VI. NUMERICAL AND SIMULATION RESULTS

In this section, we show the impacts of system parameters
to the primary performance and verify our theoretical analy-
sis of Section IV. The transmission capacities of secondary
system with different system settings are plotted by solving
the optimization problem of Section III. The simulation results
are obtained by averaging over the topology iterations for 105

times, and the overlaid network is modeled as a circular area
over the 2-D plane with radius

√
10× 102 m. Similarly to [27],

the optimal power ratio is set as η∗ = argmaxη∈[1,20] Vd.

A. Average Throughput of Primary System

Fig. 4 shows the average throughput of cellular network
downlink with respect to the distance factor ζ for different val-
ues of primary target rate T0. In the cooperative spectrum shar-
ing, the best performance of primary system can be achieved
when ζ = 0.5. The cooperation region should be located in the
middle between each BS and its intended cell-edge MU. When
ζ is small, the cooperation region is close to the BS and it is
more likely to select one decoding SU to help the primary data
transmission. As the distance towards the cell-edge MU is far,
the robustness of cooperative communication is weak. On the

Fig. 4. Average throughput of the primary system w.r.t. the relative dis-
tance ζ. The system settings are α = 3, c0 = 9 m, c1 = 1 m, λb = 10−3,
λm = 10−2, and λs = 0.9. The bandwidth allocation β = 0.2 is used for
the cooperative spectrum sharing, while it is zero for the stand-alone cel-
lular network without spectrum sharing. The theoretical results are obtained
from (32).

other hand, when ζ is large, the cooperation region is far from
the BS and the decoding set is more likely empty. As a result,
the opportunity of cooperation is small. Therefore, the primary
performance is worse in both the small and large regions of ζ.
The throughput is defined as the product of target rate T0 and
success probability, which gets worse with the increase of T0.
With the variation of T0, the primary throughput is a trade-off
between target rate and success probability. Since a fraction of
spectrum is released for the secondary data transmission, the
throughput of primary system may be worse than that without
spectrum sharing.

Fig. 5 shows the primary average throughput with respect
to the bandwidth allocation factor β for different sizes of cell-
interior area. The more bandwidth allocated to the secondary
system, the less throughput is obtained for the primary system,
as it becomes more difficult to support the primary target rate
with the remaining narrower bandwidth 1− β. When β = 0,
no spectrum is allocated to the secondary system, but the
primary transmission is assisted by SUs, so the throughput
greatly outperforms the stand-alone cellular network without
spectrum sharing. The average throughput of primary down-
link improves with the decrease of the division radius c0. The
smaller the cell-interior area, the larger the cell-edge area,
and hence more benefits can be brought by the cooperation
from SUs. The numerical results of Section IV are tight to the
simulation results.

Fig. 6 shows the impact of SU density λs to the primary per-
formance with different values of bandwidth allocation factor
β. The region division radius of each cell is set as c0 = 9 m,
while the radius of the cooperation region is set as c1 = 1. The
average throughput of the primary downlink deteriorates with
the decrease of the SU density λs. This is because the smaller
the SU density λs, the less average number of SUs residing
in the cooperation region for the possible retransmission of
primary data. It also shows that the larger time allocation factor
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Fig. 5. Average throughput of the primary system w.r.t. the bandwidth al-
location factor β. The system settings are α = 3, c1 = 1 m, ζ = 0.501,
T0 = 2 bits/s/Hz, λb = 10−3, λm = 10−2, and λs = 0.9. The theoretical
results are obtained from (32).

Fig. 6. Average throughput of the primary system w.r.t. the SU density
λs. The system settings are α = 3, c0 = 9 m, c1 = 1 m, ζ = 0.501, T0 =
2 bits/s/Hz, λb = 10−3, and λm = 10−2. The theoretical results are obtained
from (32).

β results in the smaller primary throughput. Our theoretical
analysis can well match the simulation results.

B. Transmission Capacity of Secondary System

Fig. 7 shows the secondary transmission capacity against
the primary throughput improvement ratio ρ with different cell
division radius c0. The secondary transmission capacity gets
worse with the increase of ρ and it becomes zero when ρ is
larger than a critical point, which is an upper bound of the
primary throughput improvement ratio. In other words, the
throughput improvement ratio larger than this critical point can-
not be achieved by the cooperative spectrum sharing scheme.
The secondary transmission capacity deteriorates with the in-
crease of radius c0. The cell-edge area is small when c0 is large,
so the potential improvement of primary performance is small

Fig. 7. Transmission capacity of secondary system w.r.t. the primary through-
put improvement ratio ρ for different c0. The system settings are α = 3,
c1 = 1 m, ζ = 0.501, T0 = 2 bits/s/Hz, T1 = 1 bits/s/Hz, ε = 0.1, ξ = 0.2,
d = 0.1, and λb = 10−3.

due to the small opportunity of cooperative data transmission.
Therefore, the secondary performance gets worse as more
resource is reserved to meet the primary QoS requirement.

Fig. 8 shows the secondary transmission capacity versus the
primary throughput improvement ratio ρ for different secondary
target rate T1. Similarly, there is an upper bound of the parame-
ter ρ, above which the primary requirement cannot be satisfied
and the cooperative spectrum sharing is inactive. The secondary
transmission capacity gets smaller with the increase of target
rate T1. This phenomenon is attributable to a trade-off between
the maximum allowable SU density and the transmission rate.
The outage probability of secondary data transmission gets
worse with the increase of T1 as shown by (6). Therefore, the
allowable maximum SU density λs becomes smaller to satisfy
the constraint of target outage probability ε as can be seen
from (34). Since the negative effect of SU density reduction
dominates over the positive effect of transmission rate increase,
the secondary transmission capacity gets worse.

Fig. 9 shows the secondary transmission capacity with re-
spect to the secondary target outage probability ε for different
Aloha MAP ξ. With the primary throughput improvement ratio
fixed, there exists a critical value of ε, below which the primary
performance improvement requirement cannot be guaranteed
and the cooperative spectrum sharing is not valid. Above this
critical point, the secondary transmission capacity gets larger
with the increase of target outage probability ε. The larger the
target outage probability, the larger the maximum allowable
SU density as shown by (34). Although the success proba-
bility of secondary data transmission becomes worse with the
increase of ε, the benefits brought by the SU density increase
can beat against the degradation of success probability. As a
compromise, the secondary transmission capacity gets better.
With the increase of ξ, the maximum allowable SU density
gets smaller and less cooperation is performed for the primary
cell-edge communication. As a result, less resource is allocated
for the secondary data transmission, and hence the secondary
transmission capacity gets worse.
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Fig. 8. Transmission capacity of secondary system w.r.t. the primary through-
put improvement ratio ρ for different T1. The system settings are α = 3, c0 =
9 m, c1 = 1 m, ζ = 0.501, T0 = 2 bits/s/Hz, ε = 0.1, ξ = 0.2, d = 0.1, and
λb = 10−3.

Fig. 9. Transmission capacity of secondary system w.r.t. the secondary target
outage probability ε for different ξ. The system settings are α = 3, c0 = 9 m,
c1 = 1 m, ζ = 0.501, T0 = 2 bits/s/Hz, T1 = 1 bits/s/Hz, d = 0.15, ρ =
0.1, and λb = 10−3.

Fig. 10 shows the secondary transmission capacity against
the secondary target outage probability ε with different primary
throughput improvement ratio ρ. Similarly, there is a critical
point of ε, bellow which the cooperative spectrum sharing
cannot be performed, as the primary performance constraint
is violated. The secondary transmission capacity deteriorates
with the increase of ρ, because it is more difficult to meet the
primary performance requirement and more resource is kept for
the primary data transmission. In this situation, less resource
is available for the secondary data transmission and hence the
secondary transmission capacity gets smaller.

VII. CONCLUSION

In this paper, we design a cooperative spectrum sharing
scheme between cellular network downlink and ad-hoc net-
work. The secondary users can actively help the primary cell-

Fig. 10. Transmission capacity of secondary system w.r.t. the secondary target
outage probability ε for different ρ. The system settings are α = 3, c0 = 9 m,
c1 = 1 m, ζ = 0.501, T0 = 2 bits/s/Hz, T1 = 1 bits/s/Hz, d = 0.15, ξ =
0.2, and λb = 10−3.

edge communication to improve the primary performance by
a predefined ratio. As a reward, a fraction of disjoint band-
width can be released for the secondary data transmission.
The transmission capacity of secondary system and the average
throughput of primary downlink are analyzed using the stochas-
tic geometry theory. The optimization problem is formulated
to maximize the secondary transmission capacity under the
QoS constraints of secondary outage probability and primary
throughput improvement. The optimal secondary user density
and bandwidth allocation are numerically calculated. Perfor-
mance results are provided to demonstrate that the primary
performance can be conservatively improved and the secondary
transmission can be well accommodated.

APPENDIX I
DERIVATION OF (23)

We assume that the distance between an interferer and each
SU in the cooperation region is the same as the distance
between this interferer and the typical cell-edge MU. The path-
loss from an interferer to the cooperative SUs and to the typical
MU is the same, while the channel fading is independent. The
success probability in (19) is derived as

P

{τ0
2

≤ γx0
< τ0, max

i=1→n
{γx0,zi} < τ0

}
= P

{
τ0
2

≤ ηGx0
r−α
0

Ip
< τ0,max

{
ηGx0,zir

−α
v

Ipi

}
< τ0

}

= EΠb,P

⎧⎪⎪⎪⎨
⎪⎪⎪⎩EG

[
exp

(
−τ0r

α
0

2η
Ip
)
− exp

(
−τ0r

α
0

η
Ip
)]

︸ ︷︷ ︸
A1

×
n∏

i=1

EG

[
1− exp

(
−τ0r

α
v

η
Ipi

)]
︸ ︷︷ ︸

A2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(35)
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where the inner expectations are taken over the independent
channel fading from each interferer to the cell-edge MU and
each cooperative SU. The outside expectation of (35) is taken
over the point process and the transmit power of interferers.
The expectation over the independent channel fading between
interferers and the typical cell-edge MU, i.e., A1 of (35), is
derived as

A1=
∏

x∈Πb\{x0}

1

1+
τ0rα0
2η Px�−α

x

−
∏

x∈Πb\{x0}

1

1+
τ0rα0
η Px�−α

x

(36)

where this result is obtained by substituting the interference Ip
(9) and taking the expectation over the independent channel
fading. Similarly, the expectation over the channel fading be-
tween interferers and SUs in the cooperation region, i.e., A2 of
(35), is derived as

A2 =

⎧⎨
⎩1−

∏
x∈Πb\{x0}

1

1 + τ0rαv
η Px�−α

x

⎫⎬
⎭

n

. (37)

Substitute (36) and (37) into (35), we can get the result as

P

{τ0
2

≤ γx0
< τ0, max

i=1→n
{γx0,zi} < τ0

}
=

n∑
k=0

(−1)k
(
n

k

)
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
EΠb,P

⎡
⎢⎣ ∏
x∈Πb\{x0}

1(
1 +

τ0rα0
2η Px�−α

x

)(
1 + τ0rαv

η Px�−α
x

)k

⎤
⎥⎦

︸ ︷︷ ︸
B1

−EΠb,P

⎡
⎢⎣ ∏
x∈Πb\{x0}

1(
1+

τ0rα0
η Px�−α

x

)(
1+ τ0rαv

η Px�−α
x

)k
⎤
⎥⎦

︸ ︷︷ ︸
B2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(38)

where the binomial expansion of A2 is utilized. Then, applying
the PGFL of PPP and taking the expectation over the BS
transmit power, we can get the result of B1 of (38) as

B1=exp

⎧⎪⎨
⎪⎩− 2πλb

∞∫
r0

⎡
⎢⎣1− d1(

1+
τ0rα0
2η �−α

)(
1+ τ0rαv

η �−α
)k

− d2(
1 +

τ0rα0
2 �−α

)
(1 + τ0rαv �

−α)k

⎤
⎥⎦� d�

⎫⎪⎬
⎪⎭, (39)

where the integral plus the pre-factor is denoted as a function
g(τ0, r

α
0 /2, k). Similarly, another expectation of (38) can be

directly obtained as

B2 = exp [−g (τ0, r
α
0 , k)] . (40)

Then, jointly considering Pr{N = n} in (20) and the probabil-
ity of (38), the success probability of Case II can thus be derived
as (23).

APPENDIX II
DERIVATION OF (27)

The probability of (26) is given as follows and it is further
divided into two parts.

P

{
γx0

< τ0, |Φx0
| = k, γx0

+ max
i∈Φx0

{γzi} ≥ τ0

}
= P {γx0

< τ0, |Φx0
| = k}︸ ︷︷ ︸

C1

− P

{
γx0

< τ0, |Φx0
| = k, γx0

+ max
i∈Φx0

{γzi} < τ0

}
︸ ︷︷ ︸

C2

.

(41)

Conditioned on the PPP Πb and the transmit power P of
interferers, the probability of a cooperating SU zi correctly
receiving the primary data is given as

P {γx0,zi ≥ τ0|Πb, P} =
∏

x∈Πb\{x0}

1

1 + τ0rαv
η Px�−α

x

. (42)

Then, the conditional probability of the cardinality of decoding
set being k is derived as

P {|Φx0
| = k|Πb, P} =

(
n

k

)
[P {γx0,zi ≥ τ0|Πb, P}]k

× [1− P {γx0,zi ≥ τ0|Πb, P}]n−k =

(
n

k

) n−k∑
m=0

(
n− k

m

)

× (−1)m
∏

x∈Πb\{x0}

1(
1 + τ0rαv

η Px�−α
x

)m+k
(43)

where the binomial expansion is considered. The distance be-
tween an interferer and each SU in the cooperation region is
set the same as the distance between this interferer and the
typical cell-edge MU. Jointly considering the events that the
original transmission fails and the decoding set has k SUs,
taking expectation over the discrete random variable P and
applying the PGFL of PPP, the first probability of (41) is
derived as

C1 =

(
n

k

) n−k∑
m=0

(
n− k

m

)
(−1)m {exp [−g(τ0, 0,m+ k) ]

− exp [−g (τ0, r
α
0 ,m+ k)]} , (44)

where the function g(·, ·, ·) is given in (25).
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Conditioned on the PPP Πb and transmit power P of inter-
ferers, we can derive the following probability when there are k
SUs in the decoding set Φx0

.

P

{
γx0

< τ0, γx0
+ max

i∈Φx0

{γzi} < τ0||Φx0
| = k,Πb, P

}

= EG

⎧⎪⎪⎨
⎪⎪⎩

τ0rα
0

η Ip∫
0

{
1− exp

[
− (τ0 − γx0

) r̃αv
η

Ip
]}k

× exp (−Gx0
) dGx0

⎫⎪⎪⎬
⎪⎪⎭

=

k∑
t=0

(
k

t

)
(−1)trα0
tr̃αv − rα0

⎡
⎣ ∏
x∈Πb\{x0}

1

1 +
τ0rα0
η Px�−α

x

−
∏

x∈Πb\{x0}

1

1 + τ0tr̃αv
η Px�−α

x

⎤
⎦ ,

(45)

where the binomial expansion is used in the derivation. In
the derivation of (45), we assume that tr̃αv �= rα0 for ∀t ∈
{0, 1, . . . , k}. Jointly considering (43) and (45), the second
probability of (41) can be derived as C2 = D1 −D2, where

D1 =

(
n

k

) n−k∑
m=0

(
n− k

m

)
(−1)m

k∑
t=0

(
k

t

)
(−1)trα0
tr̃αv − rα0

× exp [−g (τ0, r
α
0 ,m+ k)] . (46)

In the derivation of D1, the PGFL of PPP is applied and the
expectation over discrete random variable P is taken. Another
term D2 is derived as

D2 =

(
n

k

) n−k∑
m=0

(
n− k

m

)
(−1)m

k∑
t=0

(
k

t

)
(−1)trα0
tr̃αv − rα0

× exp [−g (τ0, tr̃
α
v ,m+ k)] . (47)

Combine the first probability C1 and second probability C2 of
(41) and consider the probability of Pr{N = n}, the result of
(27) is obtained.
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